Abstract. Recently ([21]), a new meshfree approximation method for Darcy's problem has been introduced and analyzed. This method is based on a symmetric collocation approach using radial basis functions producing solutions with an analytically divergence-free velocity part. However, the error analysis provided in [21] works only for smooth solutions, where the smoothness is intrinsically linked to the smoothness of the employed basis function. In this paper, we will extend the error analysis to less smooth functions, showing that the approximation order for rougher solutions is determined rather by the smoothness of the solution than the smoothness of the basis function.
1. Introduction. Darcy's problem plays an important role in porous media flow [3, 10] . It can be stated in the following way
in Ω, (1.2)
Here, Ω ⊆ R d is a bounded domain with boundary ∂Ω having a unique outer normal vector n. The right-hand sides f and g · n and the permeability tensor K are given. The boundary function g must satisfy the compatibility condition ∂Ω g · n dS = 0.
(
1.4)
The tensor K is supposed to be symmetric, K = K T , and strongly elliptic in the sense that there is a constant α > 0 such that
(1.5)
The solution consists of a velocity term u : Ω → R d and a pressure term p : Ω → R. Recently, a new discretization scheme for Darcy's problem has been developed in [21] . This scheme is based upon symmetric collocation employing matrix-valued "radial" basis functions. It produces analytically divergence-free approximations to the velocity field and, as a meshfree method, is flexible about the shape of the underlying domain.
The error analysis given in [21] applies, unfortunately, only if the solution (u, p) comes from a specific Hilbert space of smooth functions, which is intrinsically connected to the employed basis function. The Hilbert space is the reproducing kernel Hilbert space associated to the basis function. This is in principle not a problem, as long as the smoothness of the solution is known before-hand. Then, the strategy would be to choose the basis function accordingly to this smoothness such that the error analysis of [21] applies. However, in the case that the smoothness of the solution is unknown or can only be estimated, it is very likely that the basis of the discretization space is chosen too smoothly. Hence, the natural question that arises is what kind of error estimates remains valid if the solution (u, p) is less smooth than required by the theory in [21] .
In this paper, we will show that in such a situation, an error analysis still holds and gives the expected order, determined by the smoothness of the solution rather than the smoothness of the underlying discretization spaces. It turns out that as natural this result is, its proof is rather complicated and requires deep techniques from multivariate approximation theory.
So far, in the context of meshfree methods based on radial basis functions, such results were only known for classical interpolation and approximation but not for collocation methods for partial differential equations. Error estimates for "rougher" target functions were first presented by Narcowich and Ward in [16] in the special situation that the data sites are located on a sphere. Other work on R d followed in [5, 12, 13, 18, 17] . An overview can be found in [14] . Recently Fuselier presented error estimates for interpolation problems with divergence-free or curl-free matrixvalued kernels, where the target function is rougher than required by the classical reproducing kernel Hilbert space theory, see [8] .
In this paper, we will show that this concept can be extended to collocation methods for solving partial differential equations. We will establish new Sobolevtype approximation rates for the discretization scheme of Darcy's problem, where the velocity and the pressure are too rough for the error analysis provided in [21] .
For this purpose, the paper is organized as follows. In the rest of this section we collect necessary notation on vector-valued Sobolev spaces. The next section is devoted to our discretization scheme, hence covering matrix-valued kernels, their reproducing kernel Hilbert spaces and optimal recovery as well as stating the approximation scheme. In the third section, we introduce technical tools required for our error analysis, comprising the interpolation and approximation properties of band-limited functions. After this we derive our main result, error estimates for 'rougher' solutions to Darcy's problem. In the final section, we give numerical examples to corroborate our theoretical estimates.
1.1. Sobolev Spaces. We will work with the usual scalar-valued Sobolev spaces. For a domain Ω ⊆ R d , a real number r ≥ 1 or r = ∞ and an integer k ∈ N 0 , we denote by
We will also work with fractional order Sobolev spaces W τ r (Ω), particularly with τ > d/2 so that we have continuous functions. For the introduction of such fractional order Sobolev spaces we refer, for example, to [1, 4, 23] .
Since the pressure p in the solution of (1.1)-(1.3) is determined only up to a constant we will work with the quotient spaces W τ r (Ω)/R equipped with the norm
We define the vector-valued Sobolev space W τ r (Ω) to consist of all vector-valued functions u = (u 1 , . . . , u n )
T : Ω → R n , where each component u j belongs to W τ r (Ω). A norm on W τ r (Ω) can be defined by taking the discrete ℓ r norm of the W τ r (Ω) norms of the components, i.e. by
for r = ∞.
Note that we do not use an index to indicate the dimension n since it will become clear from the context. We only distinguish between scalar-valued function spaces and vector-valued ones. Finally, in the case r = 2, we will also use the notation
The Discretization Scheme. In this section, we will review the necessary material on matrix-valued kernels and the way we will use them for discretizing Darcy's problem (1.1)-(1.3).
First, we will discuss the kernels and their reproducing Hilbert spaces. For this, we will mainly rely on material from [6, 7, 8, 25, 21] . In the last part of this section, we will state the concrete discretization scheme from [21] .
and all α ∈ R N \ {0}, the quadratic form
is positive. More generally, a matrix-valued function Φ :
T and satisfies
for all pairwise distinct x j ∈ R d and all α j ∈ R n such that not all α j are vanishing. The theory of the associated function spaces can be formulated for positive definite matrix-valued functions as it can be done for scalar-valued ones. Let Ω ⊆ R d be nonempty. The following definition is taken from [8] .
Definition 2.2. Let H be a Hilbert space of vector-valued functions f : Ω → R n . The space H is called a reproducing kernel Hilbert space if there exists a continuous n × n matrix-valued kernel Φ such that
The function Φ is called the reproducing kernel of H. It is well known that the reproducing kernel of a reproducing kernel Hilbert space is a positive definite kernel and that every positive definite kernel generates a Hilbert space in a natural way, in which it is the reproducing kernel.
Here, we are interested in the following two reproducing kernel Hilbert spaces (see [15, 6, 7, 25, 21] ). Theorem 2.3.
where ∆ is the usual Laplace operator, ∇ denotes the gradient and I the identity matrix.
Then the associated Hilbert space
(2) Let the matrix-valued kernel Φ :
with a positive definite function ψ. Then, the corresponding reproducing kernel Hilbert space is given by
We are particularly interested in reproducing kernel Hilbert spaces that are norm equivalent to Sobolev spaces. A scalar-valued RKHS
with two constants 0 < c 1 ≤ c 2 , see [24, Corollary 10.13] . This gives for the matrixvalued kernels the following result.
The associated reproducing kernel Hilbert space of the combined kernel is given by
Here,
In addition to the two Sobolev-like spaces above, we are interested in the subspace of curl-free functions of
A function f is curl-free if and only if we can find a function g such that f = ∇g. Hence
The norm in the spaces
Finally, since we mainly work on bounded domains, we need for technical reasons to extend our locally defined Sobolev functions to globally defined ones. We will use the following result from [25] .
Proposition 2.5. Let d = 2, 3. Let τ, σ ≥ 0 and let Ω ⊆ R d be a simplyconnected domain with C k,1 boundary, where k ≥ τ is an integer. Then there exists a continuous operator
The extension operator for the pressure part is the standard Stein extension operator E S , see [22] .
The Discretization.
In [21] , the following discretization scheme for solving Darcy's problem numerically has been introduced. It is based upon discretization points X = {x 1 , . . . , x N } ⊆ Ω in the interior and Y = {y 1 , . . . , y M } ⊆ ∂Ω on the boundary. Associated with these discretization points are functionals acting on the combined function v = (u, p). They are defined as
and represent on the one hand the partial differential equation and on the other hand the boundary conditions point-wise. The approximate solution is then given as a linear combination of the Riesz representers of these functionals. Since it is known (see Lemma 3.4 below) that the Riesz representer of a functional is given by the function that results if the functional is applied to one argument of the reproducing kernel, our approximate solution takes the form
and the coefficients are determined by enforcing the collocation conditions
The following result ensures a unique solution to this linear system. It is taken from
is well-defined and uniquely determined by the interpolation conditions (2.5). It satisfies therefore Ls v (x j ) = f (x j ) with Lv := u + K∇p and s u (y j ) · n(y j ) = g(y j )·n(y j ). Furthermore, the approximate solution s u is analytically divergence free, i.e. ∇ · s u = 0 in R d .
3. Band-limited Interpolation and Approximation. In this section, we introduce band-limited functions and establish some results regarding the interpolation and the approximation with band-limited functions. These results will be essential for the extended error analysis of the collocation scheme introduced in the last section.
A band-limited function is a function f ∈ L 2 (R d ) with a compactly supported Fourier transform f . For σ > 0 we denote the d-variate ball with centre 0 and radius σ > 0 by B(0, σ). Then, the set of all band-limited functions with band-width σ will be denoted by
The concept of band-limited functions can be extended to vector-valued functions. We are interested in two different kinds of vector-valued functions: Divergence-free and curl-free band-limited functions. We define the following spaces:
In the first case, the requirement supp f ⊆ B(0, σ) is meant component-wise. Since band-limited functions have a compactly supported Fourier transform, they belong to the reproducing kernel Hilbert spaces of all relevant (radial) basis functions. We will use band-limited function to approximate a given function, which does not belong to the reproducing kernel Hilbert space and then approximate the bandlimited function using our collocation scheme to derive error estimates for functions outside the reproducing kernel Hilbert space.
We will use a general concept to derive approximation results for band-limited functions, which can be stated in a quite general form. Its proof can be found in [17] . It shows the existence of an abstract interpolant, which is comparable to a best approximation. To state it, we use the distance between an element y of a linear space Y and a subspace V of Y, which is defined by
Proposition 3.1. Let Y be a (possibly complex) Banach space, V be a subspace of Y, and Z * be a finite dimensional subspace of Y * , the dual of Y. If for every λ * ∈ Z * and some β > 1, β independent of λ * ,
The following lemma was proven by Fuselier in [8, Lemma 1] . It shows that every f ∈ H τ (R d ; div) can be approximated by a band-limited function f σ ∈ B σ div . We give a slightly extended version, since we need it for functions in
Obviously, the first statement of the previous lemma would also hold for curl-free functions. The Sobolev-like space H τ (R d
The following lemma is essentially lemma 2 in [8] . The case of the divergencefree functions was proven there, the case of the curl-free functions can be done in an analogous way. A detailed proof of this is given in [20] .
Lemma 3.3. Let q X = 1 2 min j =k x j −x k 2 be the separation radius of the discrete set X = {x 1 , . . . ,
, respectively and define g σ by g σ = gχ σ , where χ σ is the characteristic function of the ball B(0, σ). Then, there exists a constant κ ≥ 24
C, which is independent of X and the α j 's, such that for σ = κ/q X the following inequality holds:
The following theorem is an extension of [24, Theorem 16.7] for vector-valued reproducing kernel Hilbert spaces. Its proof is exactly the same as the proof in the scalar-valued case. It is the already mentioned fact on Riesz representers.
Lemma 3.4. Suppose that H is a real, vector-valued Hilbert space of functions with reproducing matrix-valued kernel Φ : R d → R n×n and dual H * . For every λ ∈ H * , we have that λ y (Φ(· − y)α) ∈ H and
for all f ∈ H and all α ∈ R n . Moreover,
We now state and prove the main result of this section, which is central for the proof of the extended error estimates later on. It guarantees the existence of a bandlimited function, which approximates the true solution of Darcy's problem and also gives a bound for the error.
Theorem 3.5. Let τ , ρ, t, r ∈ R with τ > d/2, ρ > d/2 + 1 and t, r ≥ 0. Let Ω ⊆ R d be bounded with a C ⌈τ ⌉+1,1 boundary and outer unit normal vector n. Let X = {x 1 , . . . , x N } ⊆ Ω and Y = {y 1 , . . . , y M } ⊆ ∂Ω be discrete sets with separation radius q := q X∪Y . For a smooth, combined function v = (u, p) we define the operator Lv := u + K∇p, where
q , where C is the constant from lemma 3.3. Proof. To prove this result, we will use proposition 3.1 with
Obviously, Y is a Banach space, V is a subspace of Y, Z * is finite dimensional and every λ ∈ Z * is linear. Since Y is a reproducing kernel Hilbert space, the point evaluation functionals are in Y * . Furthermore, the Sobolev embedding theorem, our assumption on K and the boundary of Ω guarantee that the functions u, p, K and n are sufficiently smooth. Thus, all functionals λ ∈ Z * are indeed continuous on Y. We will now show that for every λ ∈ Z * we have
First of all, we will calculate the Riesz representer and express the norms of the dual space in terms of the original space. Then we can bound λ Y * and show that (3.3) holds. Let
We pick an arbitrary element λ ∈ Z * , which can be written as
The reproducing kernel of the space
is given by
This means that we can work out the Riesz representer g u and g p for the functionals
separately to derive the Riesz representer g λ for the functional λ.
In the first case, Lemma 3.4 gives
In the second case, the same lemma shows that the representer for λ p is given by
Altogether we have derived that
The next step is to show that λ| V V * = g σ Y , where g σ = (g u,σu , g p,σp ) is the Riesz representer from the band-limited space. Since V is a subspace of Y the norms are the same for every element in V. Again we first deal with λ u . Let f ∈ B σu div and g u,σu be defined by g u,σu = g u χ σu . This gives
where we used the fact that f vanishes outside the ball B(0, σ u ). This equality and the same idea as in the proof of lemma 3.4 lead us to
Using similar arguments and g p,σp defined by g p,σp = g p χ σp allows us to derive
and
This all together means that
Later we want to apply lemma 3.3 to bound
Before doing so, we need to show that
curl (· − x j )ζ j and g p,σp , g curl,σp are defined by g p,σp = g p χ σp and g curl,σp = g curl χ σp respectively. We have that K
With the identity above, we can derive
We add the term g − g and apply the inverse triangle inequality to establish
To bound the norm above, we apply (3.4) and (3.5) together with lemma 3.3,
Hence we have proven that λ Y * ≤ 2 λ| V V * for every λ ∈ Z * , i.e., all assumptions of theorem 3.1 are satisfied with β = 2. Thus for
Next, we will bound the distance between v and B σu div × B σp . We will do this again component-wise, since the definition of the distance gives that
Note that, to simplify notation, we have again used the notation u σu and p σp , though, this time, they denoted arbitrary elements of the respective spaces of band-limited functions. We proceed now by bounding both terms separately. We have by lemma 3.2 that
and thus (Ω) and g ∈ W τ +1−1/r r (∂Ω) for 1 < r < ∞ and satisfies ∂Ω g · n dS = 0. Assume that the permeability tensor
(Ω) and a pressure p ∈ W τ +2 r (Ω)/R, solutions to (1.1)-(1.3), which satisfy
Besides the shift type theorem, we will apply so called sampling inequalities. To state them, we have to introduce a measure for the data density on Ω and ∂Ω. In the first case we introduce the "fill distance"
The following result has precursors in [2, 18, 19] and comes in its vector-valued form from [25] .
Lemma 4.2. Let 1 < r < ∞, and τ, η ∈ R with τ > d/2 and 0
d is a bounded domain having a Lipschitz boundary. Let X ⊆ Ω be a discrete set with fill distance h X,Ω sufficiently small. Assume that u ∈ H τ (Ω) satisfies u|X = 0. Then we also have
To introduce a measure on the boundary, we follow ideas from [9, 25] . Let ∂Ω = ∪ 
analogously to the definition of the fill distance. We assume that the atlas V j is fixed, i.e., we do not have to worry about the dependence of h Y,∂Ω on the atlas.
To derive the estimate on the boundary, we need a similar result as lemma 4.2 on manifolds. This has been done in [11] for the special case of ∂Ω being the sphere in R d and in a more general context in [9] . We give an extended version which also deals with non-integer orders η. Its proof can be found in [25] . 
The standard trace theorem establishes that if u ∈ H τ (Ω) then u ∈ H τ −1/2 (∂Ω), cf. [26, Theorem 8.7] . If τ > d/2, then this guarantees in combination with the Sobolev embedding theorem that u is continuous on the boundary ∂Ω.
The following result gives the error estimates for smooth target functions, i.e., target functions form the associated reproducing kernel Hilbert space. It was the main result in [21] . 
Furthermore, assume that the data satisfy f ∈ H τ +1 (Ω), g ∈ H τ +1/2 (∂Ω) and ∂Ω g · n dS = 0, where τ > d/2. Then, the error between the true solution and the collocation approximation can be bounded by
We now state and prove the error estimates for rougher target functions. Besides a similar approach as in the standard error analysis, the main idea is to find a bandlimited function v σ , which approximates the true solution. Then we can add the term v σ − v σ to the difference between the true solution v and our approximating function s v . With the triangle inequality the norm can be split into two. The difference between the true solution and the band-limited function can be bounded with theorem 3.5. The difference between the band-limited function and the approximating function can be bounded with standard error analysis, since s v also approximates v σ and both functions are sufficiently smooth.
Theorem 4.5. Let Ω be a bounded, simply connected, open subset of
Furthermore, assume that the data satisfy f ∈ H β+1 (Ω), g ∈ H β+1/2 (∂Ω) and ∂Ω g · n dS = 0, where τ ≥ β > d/2. Then, the error between the true solution and the collocation approximation can be bounded by
for every 1 < r < ∞ and 0 ≤ η ≤ β − d(1/2 − 1/r) + − 1 and separation radius
The proof of [21, proposition 3.6 ] also establishes
With (4.1) and (4.4) we have
which finishes the proof. In the case that β = τ , the result above is identical to the one in theorem 4.4. Note that the limitation of this result to the dimensions d = 2, 3 is only due to the fact that the extension operator has not yet been proven for a general d > 3.
5. Numerical Examples. We will now illustrate our theory by considering a numerical example for rougher target functions.
In all computations, the compactly supported Wendland functions φ d,ℓ are chosen for the underlying functions φ and ψ of Φ. Thus they are reproducing kernels of
We will focus on the L 2 and L ∞ errors. Let f ∈ H β+1 (Ω) and g ∈ H β+1/2 (∂Ω), where d/2 < β ≤ τ := d/2 + ℓ + 1/2. Theorem 4.5 shows that we have to expect the following behaviour of the error:
Note that the convergence order does not depend on the smoothness τ of the employed kernel if the separation radius is comparable to the fill distance, i.e., on quasi-uniform data sets. We choose f and g such that the true solution of the velocity and the pressure are
where r := (x − x 0 ) 2 + (y − y 0 ) 2 /γ with x 0 = y 0 = γ = 0.5. Furthermore, we pick K = I the identity matrix. Figure 5 .1 shows the velocity field and the contour lines of the pressure. The Wendland function φ d,ℓ is an element of all Sobolev spaces H α (R d ) with α < 2τ − d/2 = d + 2ℓ + 1 − d/2. Therefore the function φ 2,1 is in H α (Ω) with α < 4. Due to our choice of the velocity, we have u ∈ H β+1 (Ω) for all β < 2. Thus u is not an element of the associated Hilbert space of φ 2,3 , where τ = 3.5. We chose β = 2 which is the supremum of the smoothness, to work out the theoretical approximation orders.
In all cases the notation e u = u − s u and e p = p − s p is used. The numerical tests were run on a sequence of equidistant grids. The computational approximation orders are given by log(E n /E 2n ) log(1/2) , where E n is one of the errors for given n × n input grid.
All results are displayed in tables 5.1 and 5.2. Here, the values in the brackets give the approximation orders if the target functions were in the reproducing kernel Hilbert space. Figure 5 .2 illustrates the numerical approximation errors. From table 5.2 it can be seen that the numerical approximation orders more than match the theoretical ones. Moreover, some of them even match the approximation orders for smoother target functions. 
